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In this supplementary material, we provide additional details that we could not include in the paper due to a limitation
on the number of pages. These include the a mathematical proof of SGPN being equivalent to linear diffusion on graphs
(Section 1), the computational and experimental settings, and run-times (Section 2), the method for re-organization of vertices
(Section 2.2), processing of point clouds (Section 2.3), and additional experimental results (Section 3).

1. Diffusion on Graphs: Detailed Proof
As described in the paper, with a parallel formulation, we denote the corresponding “unary” and “propagated” features

for the vertices in the pth group, before and after propagation as up and hp, respectively. We perform propagation for each
group as a linear combination of all its previous groups:

hp = (I − dp)up +

p−1∑
q=1

wpqhq. (1)

Also from the paper H = [h1, ..., hT ] ∈ RN×c, U = [u1, ..., uT ] ∈ RN×c are the features of all groups concatenated
together. By expanding the second term of Eq. (1), the propagation can be re-written as refining the feature U through a
global linear transformation H −U = −LU . To meet the requirement of a linear diffusion process, L should be a Laplacian
matrix with the summation of the entries of each row equal to zero. Suppose we reduce Eq. (1) to one-step (denoted as t = 1)
propagation where hp only links to hp−1. Then the propagation is similar to the form in [4]:

H = (I −Dt +At)U, t ∈ {1}, (2)

where D is a degree matrix for the entire feature set, which places all {d} along its diagonal and A is the affinity matrix
which expands the {w} and describes the affinities among all pairs of vertices. We use t to denote time steps.

By rewriting Eq. (3) in the paper (see the definition of mq in the paper), the degree matrix between two adjacent groups
can be regarded as the summation of the individual degree matrix for different time steps (we use x(:) to denote all the entries
in x):

dp =

p−1∑
q=1

mq∑
j=1

wpq(:, j) =

p−1∑
q=1

dpq. (3)

Correspondingly, by replacing q with t to represent the global affinity matrix of different steps, the matrix formulation is:

D =
∑

t Dt, t ∈ {1, 2, 3, ...}, (4)

where DtE = AtE.

Figure 1. Click to play the animation: the dynamics of the propagation process (from the 1st to the nth group) on a bottom-to-top DAG on
the point cloud for buildings, in the RueMonge [7] dataset. The points are ordered into 1136 groups in this case, on a global scale.
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Figure 2. We construct the DAGs by: (a) establishing an undi-
rected graph; (b) taking (a) as bi-directional graph, and (c) de-
composing it into several directed graphs.

Figure 3. Perturbing the number of edges (axis-x) for each ver-
tex in the constructed DAGs. Performance is shown using the
+PF+PG/TG model (see Tabel.2 in the main paper).

The term AtE is the expansion of
Pmq

j=1 wpq(:, j). Given Eq. (4), we can re-formulate Eq. (1) as the summation of multiple
time steps:

H = (I −
∑
t

Dt +
∑
t

At)U, t ∈ {1, 2, 3, ...}, (5)

where L =
P

t(Dt − At) =
P

t Lt. Consequently for each t, we have LtE = (Dt − At)E, such that Lt has each row sum
to zero. Therefore, we can draw the conclusion that L is a Laplacian matrix and that propagation via our proposed SGPN
module represents a standard diffusion process on graphs.

2. More Implementation Details
We provide more details about our implementation of the experiments presented in the paper, including the computational

settings and run-times (Section 2.1), re-organization of arbitrarily-structured data (Section 2.2), the detailed training and
testing procedures for point clouds (Section 2.3), as well as the network architectures (Section 2.4).

2.1. Computational Settings and Run-times

Computation. We implement all our experiments on servers equipped with four 16GB Titan V100 GPUs. All scripts are
implemented with the PyTorch framework1 and will be made available to the public upon publication.

Training. Specifically, we utilize the data parallel module of PyTorch to accelerate training and testing, but we do not use
any multi-GPU batch normalization techniques even for the Deeplab-related models, in order to maintain a basic setting so
that we can focus on the capability of, and the improvement that can be brought by SGPN. We train all hybrid models, i.e.,
CNN block+SGPN jointly with weights initialized for the CNN from ImageNet. The only exception to this is the experiment
with NLNN [8], where better performance is achieved when the CNN is initialized with weights from the baseline backbone
segmentation network (see Table 1 in the paper). We use most of the hyper-parameter values that were originally proposed
to train the baseline networks (e.g., learning rate, weight decay, etc.). In addition, we use the SGD and Adam solvers for the
DRN and Deeplab-related networks, respectively.

Run-times. The inference time of one image (1024 × 2048) from the Cityscapes dataset is 0.2 and 0.5 second for
DRN-based SGPN on pixels (Section 5.3) and superpixels (Section 5.4), respectively (on a V100 Nvidia GPU). It takes
approximately two minutes to carry out inference with our hybrid networks (e.g., the CNN block and the SGPN on the entire
point cloud in Fig. 4), for all the images and points in the validation set.

2.2. Discussion about DAGs

DAG Construction. For constructing DAGs, we first search for the K-nearest neighbors of each point (please refer the
next paragraph for more details), then re-organize them into different groups for parallel computation (see Section 3.1 in the
paper). Re-organization of vertices in a DAG can be easily carried out via a modified topological sorting algorithm 1. We use
p to denote the index of groups, as described in Section 3.1 in the paper and in Eq. (1). Specifically, finding the neighbors
of superpixels can be conducted by searching for the adjacent superpixels that have shared boundaries. Note that since the
superpixels are irregular, it can sometimes happen that two superpixel’s center overlap. This will cause there to be directed
cycles in the directed graphs. For such situations, we assign random small offsets to such overlapping centers to avoid this
degnerate case. For a point cloud, we fix the number of nearest neighbor to K = 6 for all experiments presented in the paper.
After constructing the DAGs, the linear propagation in Eq. (1) is conducted along a constructed DAG, e.g., from the first
group to the last one in the bottom-to-top DAG, as shown in Fig. 1.

1https://pytorch.org/



Structures of the DAGs: a symmetric affinity matrix. A undirected graph structure is preferable to eliminate any struc-
tural biases. Although we propose the directed graphs, we do ensure that the linear propagation on DAGs equal to a symmetric
affinity. Ideally, an undirected graph should be established and a single weight is attached to each edge. We ensure the sym-
metry in two aspects: (a). The graph is bi-directional: we first construct an undirected graph by finding the nearest neighbors
for each element while maintaining an symmetric adjacency matrix (Fig. 9 (a)). Then, we take it as a bi-directional graph and
decompose it into several directed graphs w.r.t different directions (Fig. 9 (b)(c)). (b). The weight is symmetric: Each pair of
bi-directional links share a single weight since the kernels are symmetric, i.e., κ(xi, xj) = κ(xj , xi). See Section 3.2 in the
paper. In addition, we consider all possible directions (i.e., 4 for 2D and 6 for 3D domain) to ensure the bi-directional graph
is fully utilized by the propagation module.

Algorithm 1. Re-ordering of vertices in a DAG
1: G: the DAG to be re-ordered.
2: L: an empty list that will contain the groups for all the “time-steps”.
3: S: the parent nodes without any incoming edges.
4: p = 1 denotes the index of the group, starting from 1.
5: top:
6: if L collected all the vertices then return
7: loop:
8: remove S from G
9: L(p)← S (Note that L(p) is a sub-list of L.)

10: for each node m with edges e coming from S do
11: remove e from G
12: update S based on G, p = p+ 1
13: goto top.

Different choices of established DAGs. We conduct ablation studies for different choices of DAGs in two aspects: (a)
changing the directions on the construction of a DAG, and (b) perturbing the number of connections for each nodes. We
note that since we proposed a factorized edge representation, our network is quite flexible to be directly tested on the above
settings, without re-training. We show that the performance is not sensitive to the variants of DAGs, which also validates that
it is similar to an undirected graph.

(a). Changing the directions. On the RueMonge2014 dataset, we rotate the point cloud globally in the XY plane with
an angle of 20 degrees, and re-establish the DAGs. The neighbors remain the same for each point, but the directions for
propagation are different (i.e., rotating the axis-X for propagation with 20 degrees). With the +PF+PG/TG model, we obtain
similar mIoU (73.32%) as the original one (73.66%).

(b). Perturbing the number of edges. This study is introduced in l-(201-203) in the supplementary material. In detail, we
perturb the number of neighbors K for each vertex in a DAG from 1 to 12. We obtain similar performance especially when
K > 3. See Fig. 3.

2.3. Processing of point clouds

The training and testing procedures for point clouds in this work are slightly different from that of superpixels. We alluded
to them at a high-level in the paper, but here, we specify them in more detail and provide more intuition.

How to augment for propagation on graphs? Augmenting 3D points is usually conducted by extending data augmenta-
tion techniques used to augment image patches to 3D space [3, 5, 6]. In our work, however, this is made even simpler by the
fact that all the augmentations can be conducted simply on 2D space – the cropped image patches, while training a CNN with
images. Since we maintain an index map of the same size as an input image, all augmentations conducted on images can be
simultaneously applied to their index maps. The augmented points are associated with these augmented index maps.

Propagation on a global scope. During training, we utilize multiple GPUs where each one takes a mini-batch of image
patches, aggregates image features according to the indices of the subset of local points corresponding to those patches, and
conducts propagation and MLP before computing the loss w.r.t the ground-truth labels. However, the testing procedure for a



Figure 4. Inference of multi-view images + an entire point cloud (we use the cloud-shaped blobs to present the the aggregated features
for the 3D points). CNN-block: it infers all the multi-view images in parallel, and aggregates the unary and pairwise features on each
GPU independently. Note that points between images and across GPUs are highly overlapped. Aggregation (across GPUs): the unary and
pairwise features from each GPUs are re-aggregated across GPUs according to their indices, in order to avoid duplication. Propagation on
DAGs: The SPN module is run on a single GPU.

Figure 5. CNN block for the Deeplab network-based [1] SGPN.

point cloud is different from its training procedure, in the sense that while inference of individual images is distributed across
different GPUs, the propagation is conducted globally on the entire point cloud, by collecting information across the GPUs.
In contrast, if we were to test/process each image along with its corresponding set of points individually, propagation would
be limited to only a local set of points. To verify this, we test each image individually, and for every 3D point aggregate
DRN results of all pixels across all images that map to it, as opposed to processing the images collectively and propagating
information globally in the point cloud (image to points in Table 2 in the paper), and the mean IoU drops from 69.16 to
65.50. Clearly, aggregating and propagating on a global level is of great importance for labeling points. Fortunately, the
flexibility of our algorithm brought about by the factorization of the edge representation (Section 3.3), enables the algorithm
to be implemented in a highly flexible, yet efficient manner as shown in Fig. 4.

In detail, we divide the inference phase into the stages of (a) inference of all the testing images, which can be done
concurrently for each image on multiple GPUs (the CNN block in Fig. 4), and (b) global aggregation of all the unary and
pairwise features from all images and mapping them to the entire point cloud, which can be done on a single GPU (the
propagation on DAGs in Fig. 4). We show our implementation in Fig. 4, where the CNN block is configured to perform
inference on the images in parallel (e.g., on 4 GPUs), and the propagation (right) is done globally, after collecting the feature
of all the images from multiple GPUs on to a single GPU, and aggregating them for the entire point cloud.
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